7 - Factorizations/Manipulations (Cont.)

LESSON 7 : MORE FACTORIZATIONS AND MANIPULATIONS

INFRITELY THAT'S GREAT, PAIGE!
Hew'D TouR BETTER THAN WAY To B! THE TRIDK 15 T T Swounl
FARTH FirjAL I EXPECTED. EXFECT & ZERD, THY THAT.

- Previously, you learned Simon’s Favorite factoring trick which allowed
you complete factorizations such as:
wytr+y+l=(+1)u+1) ang zy—r—-y+1=(z-1Ly—1)

- This lesson focuses on algebraic concepts you may be familiar with, but
applies them in a very powerful way

- Remember, sometimes we use concepts based in algebra even when there
aren’'t s or Ys in the problem. Keep an open mind!

- For additional practice, see Chapter 7 of the AoPS Volume 1 book

7.1: FACTORIZATIONS

- If asked to evaluate 1000022-—-999982, calculating it the traditional

way would be very tedious. But, recalling the simple factorization of

2 2
-y = (r+y)(r—y) simplifies the question greatly. Now we proceed:

1000022 — 999982 = (100002 — 99998)(100002 + 99998) = 80000

- These helpful applications of factorizations aren’t confined to these
kind of questions. Usually, there are 4 main factorizations that will
come into play:

1 a*—b*=(a—b)(a+b)
5 a’+ b= (a+b)*—2ab
3 a®— b = (a—0b)(a®+ ab+ b?)
4. @@+ 0= (a+b)(a® —ab+b?)

- Factorization 2 can sometimes be helpful in factoring expressions
further:

1,4 _'_ y4 + $2y2 — (1,2 _|_ y2)2 _ 21,23/2 _'_ x2y2
= (" +y*)* — (zy)?
= (2® +y* — zy)(2® + y* + 2Y)
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These factorizations are found in problems in varying forms. Sometimes,
instead of the sum or difference of the cubes showing up, one of the
factors will, and you need to work towards the sum/diff.
Remember. . .these manipulations may be obvious when variables are
involved, but they become harder to see when the problem is in terms of
numbers

11 1 a

Ex. 1: If a+c¢ a ¢, find ‘¢

Clearing denominators by multiplying each side by ac(a—%(ﬂ gives:
ac =c(a+c)+ala+c)
Rearranging,

ac = ac+ & + a® + ac
0=a’+ac+c?

2 2, .
Now, we see that G°+ac+c¢” is a factor of a® —¢®. It’s only missing

the (@ —¢) term. Multiplying this on each side:

0=(a*+ac+c*)(a—c)=a*>—-c*

a3
. 3 _ 3 . (_) =1
This means that a” =c¢° and .. ¢
Ex. 2: Find the sum
1 1 1 1 1 1

5103 Vi Viive VoV etz 243

First, bring each integer inside of the square root so that everything
is written in the same form.

1

Notice that each term is in the form V7n’+\ﬁi, where m=n-+1.
Vm —\/n

Rationalizing the terms of this form by multiplying by Vm—yn leaves

only \/"l_'\/ﬁ for each term. Writing this out and canceling the terms,
we get:

VI—VB+ V8 —VT+VT—vV6+V6—-V5+V5—Vi+Vi—V3
=3-3
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MANIPULATIONS

Manipulations require recognizing and implementing
factorizations/expansions within a problem

Consider the following problem:
] 1
3

=1 =
x+_m , find . +m3.

If

One approach would be to solve the first equation for x and plug it
into the second one. A smarter approach, however, is the following:

3 _ (. 13
By cubing both sides, we obtain that ! 7(L4fx). Expanding:

1 1 1
1=2%+32%(=) +32(=)* + —
x +*:U($)-F x(x) +

23
3 1
1::x34—3x—%——+-—§

. 1 1 1
, , l=2*+3(z+-)+— , r+—=1
Factoring this, we get that T 23 . Since we know x ,
1
1=2*+3(1)+ =
plugging in gives us that (1) 3.

3 _
X +;——2

Problems involving the sum of a term and its reciprocal can often be
tackled by raising the initial equation to various powers

Another type of problem that can be solved by raising equations to
various powers is one in which we are given two of the quantities 7Y,

2 2 3 3
rT+y , »+Y , T +Y and asked to solve for a third

By squaring or cubing T+Y, we end up with an expression that may have

an TY, an T+Y, an xZ*‘yz, or $3+_y3:

(z+y)® =2 +y*+ 2y
(z+y)® =249+ 3ay(z +y)

You will usually have two of these three values and can determine the
third

Ex. 1: if a+b=1 and a>+b> =2, fina a'+ b
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By first squaring the sum of the variables, we can solve for ab. Note

that in these types of questions, we will almost always end up solving
for ab somewhere along the way.

(a+b)* = a® + b* + 2ab
12 =2+ 2ab
ab::—§
Now, squaring a’+b% to get a*+bt.
(a? +b*)? = a* + b* + 2(ab)?
2> =a'+b' + 2(—1)2

2

7
.4 4 _ !
c.a+b =3

Problems:

(Problems pulled from AoPS Vol. 1 unless indicated otherwise - come from
various competitions)

1. Find the sum
1 1 1

+ +
VI+V24+V4 VA+V6+V9 Yo+ Y12+ V16

1
25 = T+ —-=3
2. Find x> if x
1
gt —~ .. T——=35
3. Find x= if T
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4. Given that 9876° = 97535376, f£ina 98772.

5. What is the sum of the prime factors of 216 _ 12

6. If the sum of two numbers is | and their product is 1, what is the sum of

their cubes?

7. 1f T+y=4 and 37922, then find I6+y6.

1 1
3"——3 $2+—:7
8. Find all possible values of r° given that x

2
9. If r and S are the roots of ¥ %—p$-+(]::0, then find each of the

following in terms of P and ¢: (Remember Vieta'’s?)

r? 4+ s*
ii. r—s
iid. T‘28+T‘S

\ 4 4
iv. 7 +8

2
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4 4
10. Find all possible values of ab given that a+b=2 and a” +b" =16

11. If ¢® —0>=24 and a—b=2, then find all possible values of a+b.

12. (AIME 1986 #4) Determine 3%4 +2T5 if Z1,%2,%3,%4 and %5 satisfy the
system of equations below:

207 +xo+ 23+ x4 + 5 =6
1+ 222 +x3+ x4 + 25 = 12
T, + X9 + 223 + x4 + x5 = 24
1+ To + 23+ 224 + x5 = 48
1+ x2 +x3 + x4 + 225 = 96

13. (Mandelbrot #2) If ¢ is an integer that can be expressed as the sum of

two integer squares, show that both 2¢ and 99 can be expressed as the sum of
two integer squares.
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By first squaring the sum of the variables, we can solve for ab. Note
that in these types of questions, we will almost always end up solving
for ab somewhere along the way.

(a+b)* = a® + b* + 2ab
12 =2 4 2ab
1

ab= —5

4 4
Now, squaring a® +b% to get a” +b°;

(a® + b%)? = a* + b* + 2(ab)?
, 1
22 =a'+b' + 2(~§)2

e

4 4

b* ==
a + 5

—Problems: <S+<?s lab&lad 1 of Z S e \/ou Ca wn 'Co“c-u) wor le éas‘e(\

(Problems pulled from AoPS Vol. 1 unless indicated otherwise - come from
various competitions) I e NN e -

NEREANEY 2B -0 2 - |

1. Find the sum -~ B

1 4 1 — 1 W e s f Tei =3
T o VA VAT o U8 Vot V10t I fachc 4- 3
» e v Bllowiegs (D LV (@R 1) (32 + 2.7+ IR
i(fﬁ'\zﬁ>(m + ir?’ 4&/TF‘> =) What we have |

On [QQ“OI bp 2
2) So, we end Yo w A uce dif

whan we

\2[;)/—\2/’1-\ T W‘/ g/’?j *QF'% - fﬁ - | o b cubes h foct

6 1
2. Find if z
- h ! i
» XALNT s 4. Tl r2 o xteld oy
X
3
2 3
-3 <‘L*JL> = 7 xfe L *3(’2*‘4\)
X XC XL
3
23 = X s L v 3(3) D [xé s+l L o349
1 .

ozttt  z—==5

3. Find = if z
(= -
- SEERVE T N R -
D <;X x 5 x?
) )<7' ",’_ = 21
&///“ = x*
2) (724,_' ‘)2; ¥4+ | 4, Aneesh Sharma & Arjun Vikram, March 2019
\ Nz - = 2

wxl—{ g e = 727*}‘
( . wY
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4. Given that 98762 = 97535376, finda 9877>.
48772 - 4876 = (Q¢77-9%74)(eTT rage)

5. What is the sum of the prime factors of 3% . 19

16
2 - F,,ubf UVH‘ g e Ce

(Zg’l)(zg—t 1)
4-1) (2% ) (284 )
c (2% 1) (2% 41) (Zq+l)(11+l)

\!

AR

i

@)(g)(m)(zyﬂ

o
!

g% = ())(19153) 4+ 4€7¢ = -~ 19753 A E AT pysps:

iL &\P"/"""°,_‘

2;7
e
s

[38 iﬂ

6. If the sum of two numbers is | and their product is 1, what is the sum of

their cubes? X4y = Xy - |

(“3)3-, - *33* gxﬁ(wj\,

1> - VBJ,\j'S* (O

BSJUS e o P

6 6
7. I1f T+ Y =12 and ZY = 2, then find T T Y .

3
D (Rt xm Ry Zxy

4% = xr ry* 4 2(2) P 12
vy eyt ez i (23 = x6¢ +7‘ F 3(2)012) )
! \2%—13(2)2(!7.) ’—E‘%—\j‘; (SS_‘!J
3 2 i "
8. Find all possible values of * ;3' given that 55 =1
(y} ,,!(\/3; XL‘\’;‘_LA'Z -Qr)(+;|_,3; <Y+i>g;x3+_;!xa'3(\<+£\
L/\’\’J I L I S £
—7 k% =q % - K ‘;s ‘(5) "’:{js
.:> X*{;t% i L 73*;'_&3. e |
W S e x YL RN 3)

-27+% = »}

s 37
11¢

&,
S ¢

~

2) (xz’hj’:) = oxt +j‘ + 'SYZj'L (\ﬁj‘)
‘4\ K- - X‘ *j‘ + g(\lj)l(\(z#jl\

4
5

1

2 3
9. If r and S are the roots of ¥ +p$+q=0, then find each of the

following in terms of P and ¢: (Remember Vieta’s?) SUwn of ro0}s = -bk = -f
Prod. of roobs = (o = cl/

R = (e +sY - —2cs ={e2i-29

ii. r—s :{i\/[ﬂ—nﬂ

iidi. T2S+T'€T9YS(Y+5>: k,_P _J
. 4 S , 5
iv. T +S = (r?*sl)?’— Zylrs’k ;(AYEASz)l, Z((SIL
z , T
2 ;(\PP'ZQL\/ "?/‘L»
Nr-g) =r*+s?-2rs . . s P )
pM- Apgatet - 24t o
2. i
o - 27/”2?/ Aneesh Sharma & Arjun Vikram, March 2019

= PZ/Hﬂ/
’;> r-Ss :i“?"' ,.1_;7/




7 - Factorizations/Manipulations (Cont.)

4 4
10. Find all possible values of ab given that a+b=2 and a +b° =16

N (are) = et r Lty 2ak 2) PRSI L t”pfbﬂ + 2 atb®
24,2 ' . e
2% 2 at4b + 2 b (L\'Z&L» = e 5/7(@&32
0.1 +£1'-. H-2ab

Let ab=Y. (H-29)7 =16+ 24"
W -leyady e e 2yt
2yt - lby = 0
23(%"%\-' 0

[een wr =uod ]

=0,8 . |
11. If a®> — b3 =24 and a—b=2, then find all possibleLjvalﬁes of “a=b-;
A% - b . (@-b)(atrab rrt) 1) (a )t s a¥ b - 2ak(ab)
2 b =5 6
A,it—a:'ngqb: | ’23 = 2.4 - 2ab (Z)
(o) b < 12 et
R e LN ol . ¥
Atb = t\/‘—'::’ -

12. (AIME 1986 #4) Determine 9%4 +2T5 if %1,%2,%3,T4 and %5 satisfy the
system of equations below:

2$1+I‘2+.’L‘3+$4+l‘5=6

T+ 220 + T3+ x4 + 25 =12 D X[ FN L F Xyt 2x, HXg = Y4E

—
4+ T + 22+ 223+ T4 + 5 = 24 {7..,,»_,// (A v A,y *i\',iy()-y
T1 + g + Ts + 2xq + 5 = 487 /_.ﬂ_u.__ﬂx L
$1+I2+$3+$4+2$5—_—96\\ 4
_________,_..—-«———“*‘-“”—_-'/—‘ ~
é(v«lzrxL’« Ky v ¥y +XA’\ - 186 ~ x,‘;‘» y’f i—)r’; 4 \/;/.»:.Ly*r \:Aqf:s'
S5 A (X A%yt ¥y ¥ = 1 ’(\;, foLJ*AZJ_fRM” A_WY = -
Xe = €S

SRRy v 2% = g(iq) 5 2(¢¥)
a!l@l’

13. (Mandelbrot #2) If ¢ is an integer that can be expressed as the sum of

two integer squares, show that both 29 and 99 can be expressed as the sum of
two integer squares.

(L>'“AZ'}V\L w o e W e e fwka"3

7’

ZCL: ZM’L+ ZL\L )

Now we wmustk show Mt Zm? sd 2uY coan be achicved

by a Sumw ok Siq bedrs S, I sce wm? sd w? but no

Wik 3 beem. 2 X0 'hj (wxyu\z a~d n-n)*

< g u : e
(M+n)T ¢ (w0 = f2m? « D ¥

g - gm?”-r gV\L— oncece &Qaiv\, N e Ts mbt o,w\.A ML! lowlr ) ™ W -Le(ms_
v / o~ ( + ) trwm
$o0, we wnedd ovr (=) Yeim o P )
Also , since e Lc-.abfwj ¢°¢CC.‘U¢,,J» S T} In[l s g -
(’2 wo-n) Tk (M +2k)"" Ane'e\sTF‘"Shaélﬂa\&_ Arjun Vikram, March 2019 (ZM ’V‘\)( W{'lh)
LlVV‘if*ﬁl'.‘"&/b_l{,k‘,} + mt v+ Ha B ]'o. 24 Con be u(;q*xzw“&{'(mw)z_,(m_”)l P
- Ot v S L) Fw A5 L P} Flwr2nll




